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1 Introduction

A remarkable development in the study of string theory of last decade is the celebrated
string theory-gauge theory duality [1], which relates the spectrum of semiclassical string
states on AdSs x S° to the operator dimensions of N' = 4 supersymmetric Yang-Mills
(SYM) theory in four dimensions [2, 3]. This state-operator matching has been achieved in
the planar limit, which simplifies considerably both sides of the duality. Recently another
example of gauge theory-string theory duality has been proposed based on the worldvolume
dynamics of multiple M2-branes. This relates type ITA string theory in AdSy x CP? with
N = 6 Chern-Simons matter theory in three dimensions [4].}

In the study of the gauge/gravity duality, an interesting observation is that the N' =4
SYM theory can be described by the integrable spin chain model [12-14]. It was further
noticed that the string theory also has as integrable structure in the semiclassical limit.
This integrability nature of both the gauge theory and string theory side has been used
extensively to understand the duality better. In this connection, Hofman and Maldacena
(HM) [15] considered a special limit where the problem of determining the spectrum of both
sides becomes rather simple. The spectrum consists of an elementary excitation known as
magnon which propagate with a conserved momentum p along the long spin chain. In the
dual formulation, the most important ingredient is semiclassical string solutions, which can
be mapped to long trace operator with large energy and large angular momenta. For some
related work see for example [16]-[31].

Not so long back the giant magnon and spike solutions for the string on S? or S% have
been studied [32-34]. In addition, the solitonic string configuration in the AdS space, whose

'For related interesting work see [5-11].



anomalous dimension corresponds to that of the twist two operator of SYM theory or the
cusp anomaly, was considered [35-38]. More recently the semiclassical string configuration
on AdSs3 x S3 has also been investigated in a special parameter region [30, 39]. However a
general class of solutions for string moving in AdSs x S3 background has been lacking. The
aim of this paper is to classify such solutions with the hope that a better understanding
of these will enable us to investigate more complicated solutions of the dual theory on
the boundary.

In this paper, we consider the semiclassical strings moving in AdSs; x S? background
and investigate the relation among various conserved charges of the string configuration at
various parameter regions. Depending on the parameter region, the macroscopic strings on
AdS3 can be classified to three cases, whose anomalous dimension is proportional to log S,
S1/3 or S, where S is a conserved angular momentum on AdS3. After that, we generalize
rotating string on AdSs to the one rotating on AdSs x S? and study the corresponding
dispersion relation or the anomalous dimension.

The rest of the paper is organized as follows. In the section 2, we write down the most
general equations describing the rotating string in AdSs x S? background. In the section
3, first we classify various possible string configuration in AdS3. Depending on the region
of parameter there are three distinct solutions with different anomalous dimensions. We
further generalize them further by looking at the various shapes of the string. We write
down the relevant dispersion relations in all the cases. Section 4 is devoted to the study of
more general string configurations in AdSs x S? and we find out the dispersion relations

among various conserved charges. In section 5, we present our conclusions.

2 Semiclassical string configurations in AdS3 X S?

In this section we will study the general rotating string solution in AdSs; x S2?. We start
by writing down the relevant metric for AdSs x S? in a particular coordinate system,

1
ds® = ZRQ [— cosh? pdt® + dp? + sinh? pd¢? + df? + sin® 9d1/12] . (2.1)
The Polyakov action for the string moving in this background can be written as

S = % /d20'\/ —det hhaﬁaaxﬂagﬂfyGW . (22)
e

We choose the following parametrization for the semiclassical rotating string in
this background

t=kr+hi(y), p=ply), ¢=wr+h(y),
0 =0(y), Y =vt+g(y), (2.3)



where y = a7 + bo. The relevant equations of motion reduce to

1 o
W= —— (ak— "0
P72 — g2 <a cosh? p> '
1 T
W= — (aw— "2
272 —a? (aw sinh? p) ’

1 T4
r_ _
g = 3 (au sin29> , (2.4)

where 7y, mo and w4 are integration constants. The above equations of motion have to be
supplemented by the Virasoro constraints, which are simply given by, in a particular form

2 b2
0= TTT + Too - uTTU?
ab
0="T, +Tyy— 2T, (2.5)

The first Virasoro constraint gives rise to a relation among various parameters
VTmy = /{?7'('0 — WTm9. (2.6)

The second one becomes
1
2 — a2)2(

/2+ 1

0=— b?k? + 2bkm)

2~ ﬂg)sinh2p+ﬂ%>

+
P cosh? psinh? p

m <2bu)772 + b2(u)2 — k2) Sinh2 P —+ (7T

1 2
+9l2 + m <V2b2 Sin2 9 + 2b7/7T4 —|— 7T4 > .
—Qa

sin2 6

= —ki + kI + k2, (2.7)

where in the last equality we have defined

1

1 (73 — ) sinh? p + 72

k2 — 2 2 b2 2 k2 : h2 2 0 2
L=t (0?2 — a?)? < wms + 07w Jsinh”p + cosh? psinh? p ’

1 2

k? — 92 + m <y2b2 sinZ 6 + 2bvmy + Sizg 9) . (2.8)
Then, the differential equations for p and 6 can be rewritten as

1 .

p? = (02— ) cosh psinh [bZ(w2 — k?)sinh® p + (Qbumg + b3 (w? - K?)

+(b* — a2)k:%) sinh? p + (2bw7r2 + (b* — a®)?k? + (75 — 7'('3)) sinh? p + 7'('%],
1 v2b? (b? —a®)?k2  2n 7'('2
2 4 s 4\ 2 4
02 — ) 2 [— sin” 0 + (W - b—y> sin“ 6 — —} . (2.9)
The equation for € can be rewritten as
by

0 = 0 G s )0 s ), (210)




for k?(bQ — a2)2 > 2bvmy only. The condition sin 6, = 1 for the infinite size magnon or

spike gives a relation
_ bv + ma

ks a2 (2.11)
Using this, sin 0,;, becomes
. T4
sin Opin = b (2.12)

where bv > my.

3 Classification of the string configurations on AdSs; x S?

From now on, we will consider the special case, k = w > 0 only. An example for k # w was
investigated in ref. [30]. For k = w, the equations of the AdS part are reduced to

1
/ : 4 : 2 2
p = (b2—a2)coshpsinhp\/Asmh p+I'sinh® p — 73,
1 ]
L — — 3.1
¢ (b2 — a?) (aw sinh2p> 7 31

with

I=A+472— 73,

A = (a® — b*)2k? — 2bwms. (3.2)
Since there exists a solution only when the inside of the square root in the first equation

of eq. (3.1) is positive, we will investigate the range of p accordingly. Depending on the

parameters, the range of p can be classified as the follows:

A > 0. In this case, there exists one boundary value ppi, so that the range of p is given

by pmin < p < pmax = 0o and p’ is rewritten as

, VA \/ sinh? p + sinh? py
Pr= 2

inh? p — sinh? pryin 3.3
sinh p cosh p \/sm P SR Pmin, (33)

where depending on the sign of I', on has the following choices
(i) I'>0

/T2 +47T%A+F

2A

2 A
VI?+4msA =T (3.4)

2A ’

sinh? py =

sinh? Pmin =

VA + T2
VN g (3.5)

sinh? po = sinh? Pmin =



(iii) T <0
VT2 +4m2A - |T|
2A
VT2 +4m3 A + |7
QAQ . (3.6)

sinh? py =

sinh? Prmin =

In addition, the string configuration can also be classified into various cases by looking at
the shape of the string. For this, we define the slope of the string at a fixed 7 as

/

p

¢I

o _

50| = (3.7)

s

For example, the string slope is infinity, and the string configuration has a cusp at pmiy. For

more details, we introduce sinh? p, = ™2 satisfying ¢’ = 0 in which the slope R diverges.

(i) If pe < pmin, the string slope becomes 0 at pp;i, and a constant at ppax = 0.

(ii) In the case of p. = pmin, as previously mentioned, the slope at ppin becomes infinity
so that this string configuration has a cusp at pmiy, and a constant slope at pmax = 00.

(iii) If po > pmin but finite, the string configuration is same as case (i) except that it
includes a point p. where the sign of the slope is opposite.

(iv) If po = pmax = 00, the slope becomes zero at ppi, and infinity at ppax. This case can
be obtained when we consider a = 0.

A = 0. In this case, the range of p is given by pmin < p < co. For I' > 0 p/ becomes

;o VT /sinh? p — sinh? poin (3.8)
FP=p a2 sinh p cosh p ' ’

with
2
o2 __ T
sinh Pmin = 5 -
T T

(3.9)

The classification of the string configuration is similar to the previous case. Note that
since p’ becomes zero at p = oo, the string configuration is slightly different from the
previous cases. For p. < pmin, the slope R vanishes at ppin and pmax = 00. For p. = pmin,
the string slope becomes infinity at ppmin and zero at ppmax = 00. For p. > pmin but finite,
R becomes zero at both ppin, and ppmax = 00. For p. = pmiax, with a = 0, R is zero at pmin
and infinity at ppax = 00.

In the case of I' < 0, there is no string configuration since the inside of the square root
in the first equation of eq. (3.1) becomes negative and hence p’ becomes imaginary.



A < 0. In this case, there exist two boundary values for I' > 0 so that the range of p is
given by pmin < p < pmax. Then, Pl is

VA \/ (sinh? pax — sinh? p) (sinh? p — sinh? pyin )

r_ 3.10
F=p a2 sinh p cosh p ' (3.10)
where sinh? Pmax and sinh? Pmin are
. I+ /T2 —472|A
sinh” e = 2|Al = ’
. I — /T2 —472|A
sinh? ppin = N 2| | (3.11)

For p. < pmin OT pe > pmax, the slope vanishes at ppin and pmax. Unlike the previous
cases, the case of a = 0 corresponds to the case of p. > pmax. For p. = pmin, the string
configuration has a cusp at ppin, where R becomes infinite and a zero slope at ppax. For
Pmin < Pe < Pmax, the slopes at ppin and pmax vanish and there exist a point where the
sign of slope is changed. For p. = pmax, the slope vanishes at pnyi, and becomes infinite at
Pmax- Once again for I' < 0, there is no string configuration because p’ becomes imaginary.

In the infinite size limit for the giant magnon or spike solutions for the string on S?
with Oyax = 7/2, the conserved charges are given by:

5o 2T Prmax J (62w cosh? p — aﬂ'o)

a (b2 o a2) b Pmin p p/ ,
g _ 2T Prmax J (62w sinh? p — aﬂ'g)

a (b2 o a2) b Pmin p pl ,
g 2T /”/2 40 (62y sin?6 — a7r4)

N (b2 —a?)b O 0’ ’

2 Pmax 1 T
Ap = |—= dot (aw— T2
’ (52—612)/' P (aw sinh?,o)"

2 A o
Ad = (b2 — a?) /emm dH@ (CW ~ sin? 0)

where we consider only the positive quantities. For simplicity, we assume that the ends of

, (3.12)

the open string are located at ppax in the AdS space and at the same time, @, on S2.

3.1 Spike on AdS3; and a point-like string on S?

At first, we consider the string configuration located at a point on S? (' = 0). For this,
we choose v = m4 = 0, which makes the angular momentum and the angle difference in
the v directions to vanish. So, the string solution for v = w4 = 0 corresponds to the string
extend in AdS but a static point particle on S2. Once again we consider the situation case
by case like the previous section for different parameter regions.



A > 0.

1. We first consider the case with a # 0 and b?w # a(mp — m2). The interesting physical
quantities of this string configuration are

2 (V*w — a(mg — m2)) T

E-S =
WA
" / Pmax dp sinh p cosh p ’
min \/ (sinh2 p + sinh? po) (sinh2 p — sinh? pmin)
g 2T / Pmax p sinh p cosh p (b2w sinh? p — a772)
= — p 9
VA Jp \/ (sinh2 p + sinh? po) (simh2 p — sinh? pmin)
2 Pmax cosh p (awsinh? p —
Ap = = dp pl p—m) , (3.13)
VA S sinh p\/ (sinh2 p + sinh? ,00) (sinh2 p — sinh? pmin)
where ppmax = 00. In the case of sinh pp;, > 1, the dispersion relation can be
approximately written as
bw — —
Fognwzalmo=m) o, (3.14)

abw
Note that the dominant contribution of the above integral comes from the large p
region. So the calculation of the integral gives rise to
2 (V*w —a(mg — m2)) T
b\/z Pmax

N bwT o2pmax

T 4/A

As a result, the dispersion relation for pp.x = o0 becomes

pogn Ww—alm-—m)T log <4\/ZS> : (3.16)

F-S=

(3.15)

A bwT

which is the generalization of the GKP string configuration [35].

2. Let us consider the case b?w = a(mg — 7m2), the dispersion relation is
E—-5=0, (3.17)

which looks like that of the BPS vacuum state. In this case, S and A¢ are given by

bwT . . 2am
S ~ m [62’)‘”“ +4 <smh2 Pmin — sinh? po — b2—w2> pmax] ,
2aw

A¢ ~ (3.18)

\/—meax-



So S and F can be rewritten in terms of A¢ as

bwT 6A¢\/Z/aw _ <62p0 _ 2Pmm + 2a7T2> AQS\/K] . (319)

~ WA

b2w 2aw

3. Now, consider the case a = 0. In this case, A¢ has a finite value because the integral
is regular even at ppin and ppax = 00. On the contrary, £ — S and S diverge at
Pmax = 00 so that we can not represent £ — S and S in terms of A¢. However, we
can compute the dispersion relation for this string configuration, which is

bwT 4\/_
E—Sw\/Kl (bT ) (3.20)

Notice the logarithmic behavior of the anomalous dimension.

A = 0. For this case, E — .S and S are given by

(b?w — a(my — 72)) Tepmax

bvT ’

N bwT 3pmax
ATV

so that the dispersion relation becomes

1/3

biw — - T

Eoga Wwmalmo—m)T (12VT) gy (3.22)
/T bwT

Like the previous case, if we put b?w — a(mg — m2) = 0, the string configuration becomes

EF—-S =~

(3.21)

BPS-like configuration. In this case, the dispersion relation becomes

2/3
E—S=~12'/3 <b°"7§> S1/3, (3.23)

A < 0. For this case, the conserved charges are given by
(b?w —a(mp — 7)) T
7T7
by/|A|

2,
(b (smh Pmax + sinh? Pmin) — a7r2> . (3.24)

E-S=

T

b\ /A
From these, the dispersion relation can be rewritten as
2 (V*w — a(my — m2)) |A

E—-S= S. 3.25
b2wl — 2ams |A| (3:25)
For a = 0, the dispersion relation is reduced to a simple form
2|A
E—-S= %S (3.26)



3.2 Spike on AdS; and circular string on S?

Here, we consider the following parameter region: v = 0 and w4 # 0. As previously
mentioned, v = 0 implies #/ = 0. So the string configuration in this parameter region
describes a circular string on S?, which is extended in the 1)-direction with an angular
momentum J at the fixed § = 6.. To describe the angular momentum J and the angle

difference A, 0 is not a good variable so that using

A

d_p — ;, (3.27)
we can change the integral with respect to 6 in eq. (3.12) to
2T Pmax gy
J = |- / dp—-|,
' (b2 o a2)b Pmin p/
2 Pmax T
AY = |——5——~ dp————1. 3.28
From these, we find
2
sin” 6
J = %Tmp. (3.29)

Especially, since the angular momentum becomes zero for ¢ = 0, the string solution is
reduced to a static circular string on S? .
For A > 0, the dispersion relation is slightly modified to

bw — - T
Bog_ g~ Pw—alm-mtm) 10g<4ﬂ5>.

T T (3.30)

So the BPS-like configuration appears at b?w = a(mg — 72 +74). The dispersion relation for
a = 0 can be represented in terms of the angle difference A on S? instead of A¢ on AdS
F_g_ bwsinQGCTA¢

T4

T og (4\@5) . (3.31)

%

VA bwT

For A =0, when a # 0 the modified dispersion relation is

1/3
V2w — - T (12yT
E—S—Jr~ ( w a(ﬂ'O T + 7T4)) \/_ 51/37 (332)
/T bwT
and at a = 0 it becomes
bwT\ /3
E—S~12'/3 <—> S1/3 (3.33)
VT
In the case of A < 0, the dispersion relation for a # 0 is modified to
2 (bPw — - A
Eog_ = Ww—aln—m+m) Al (3.34)

2wl — 2ams |A|



and one for a = 0 becomes 5IA
E—-S= %S. (3.35)

As shown in the above results, at a = 0 the dispersion relations for a circular string on S?
are same as ones for a point-like string on S2.

3.3 Circular string on AdS3 and magnon on S?

In this section, we consider the string configuration located at p = p.. Especially, for
Pe = Pmin = 0 and 79 = 0 the string configuration on AdSs x 52 reduces to the magnon or
spike on R x S? located at the center of AdSs.

For p. # 0, the string configuration on the AdSs part describes a circular string
wounded in the ¢-direction. The dispersion relation for this configuration is given by

2T ™2 b2w — a(my — mo — my) — b sin® 6
EF-S—J=———5— do 3.36
(b2 —a?)b /gmin 7] , (3.36)
where eq. (3.27) is used. To obtain magnon like solution, we impose
Vv = b*w — a(my — mp — m4),
av = Ty, (3.37)

such that the values of E — S — J and At are finite. Using eq. (2.6), one gets

<b2 - a2”2> w= (b2 —a®)v. (3.38)

In this case, the dispersion relation is given by a similar form of a magnon on R x S?
E—S—J:QTsing, (3.39)

where p = At. In more general cases, the conserved charges are represented in terms of
the Jacobi elliptic integrals so that it is not easy to find the explicit form of the dispersion
relation. Note that the right hand side of the dispersion relation in eq. (3.36) does not
depend on the value of p..

4 More general solution

In the previous sections, we have considered a solitonic string configuration (spike or
magnon) on either AdSs or S2. In this section, we investigate more general solitonic string
configuration expanding on both AdSs and S? space. Using eq. (3.27), the anomalous
dimension for this string configuration can be rewritten as

2T pmax 2., _ a(mg — T — m4) — b2y T2 b2 cos2
E=-S-J=ym— d dg2 e 7
S J b(b2 - a2) /,';min p p/ + /Gmin 0’
2(b%w — a(my — mg + m4) — b2W)T  [Pmax dp
= b(b2 — a2) /pmin — + 2T cos O min- (4,1)

The anomalous dimension is reduced to

,10,



(b2w —a(mg — w9 — my) — bQV) T 4v A
E — — [ 1 _— 2T mins 4.2
S—J A og bwTS + 2T cos 6 (4.2)
(ii) for A=0
Eog-g~ Wezamom —n) - b) T (1207 ’ S1/3 4 9T 08 Ohin, (4.3)
0 = J = b\/f b T COS Unin, .
and

(iii) for A <0

2 (b2w — a(ﬂ'o — 9 — 7T4) — 621/) ‘A’
E-S—-J~ 2T c08 Omin- 4.4
5= b2wl — 2ams |A| S 2T cos (44)

Especially, for av = m; the string configuration on S? becomes a magnon, which has an
infinite angular momentum J and a finite angle difference A. In this case, the worldsheet
momentum p equal to the angle difference A is given by

cos g = sin Oiy,. (4.5)

Using this result, the anomalous dimension is

2 (1)2(,() — a(ﬂ'o — 7'(2) — (b2 _ a2)l/) T /pmax dp
p

EFE-5—-J= dat
b(b2_a2) min p/

+ 27 sin g, (4.6)

where the integral with respect to p is proportional to
(i) log S for A >0,
(ii) S1/3 for A = 0 and
(iii) S for A < 0.

If b?w = a(my — m2) + (b2 — a®)v, the dispersion relation for this configuration becomes to
that of the magnon on S?
E—S—J:2Tsin§. (4.7)

Though the above dispersion relation is the same as that for the circular string located
at p = p. in the section 3, the string configuration considered here is a more general one
extended in the p direction.

When amy; = b’v, the string configuration on S? becomes spike, which has a finite
angular momentum and an infinite angle difference. The difference of the conserved

charges becomes

E-S—-J=

9 b2 _ o T Pmax d
(b*w — a(mg — m2)) / p + 2T cos Omin. (4.8)
2

b(b2 _ a2) T

min

— 11 —



The dispersion relation for the spike configuration is given by

2 (b*w — a(mg — m2) + b(b* — a®)v/a) T /pmax dp
b(b2 - a2) Pmin p/

+276 (4.9)

E—S—-TAy =

where § = 7 /2—0min and the integral with respect to p splits to the three cases like eq. (4.2),
eq. (4.3) and eq. (4.4) depending on the value of A. For a(mp — ma) = b?w + b(b*> — a®)v/a,
this dispersion relation looks like one for a spike on S2.

5 Conclusions

In this paper, we have investigated a class of string configurations on AdSs x S? with a
particular parameter relation k = w.

For k = w, there are three kinds of the string configuration on the AdSs space. Each of
these configurations has a different anomalous dimension proportional to log .S for A > 0
and S'/3 for A = 0. In these cases, the string is extended from the minimum of p to
infinity and depending on the position of p. where the string slope R diverges, the string
configurations can be split into several cases by studying the shape of them. For A < 0
since there exist two extremum points corresponding to minimum and maximum of p, the
range of p is given by pmin < p < Pmax, i which the anomalous dimension is proportional
to S.

Furthermore, these string configurations have been generalized to the AdSs x S? case
having two angular momenta, S in the AdS and .J in the S?. Here, we have obtained the

generalized dispersion relation for the string configuration on AdSs x S2.
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